To an algebraic variety equipped with an involution, we associate a cycle class in the modulo two Chow group of its fixed locus. This association is functorial with respect to proper morphisms having a degree and preserving the involutions. Specialising to the exchange involution of the square of a complete variety, we obtain Rost's degree formula in arbitrary characteristic (this formula was proved by Rost and Merkurjev in characteristic not two).
Introduction
The degree formula provides a connection between arithmetic and geometric properties of algebraic varieties, by relating the degrees of closed points, the values of characteristic numbers, and the degrees of rational maps. It has applications to questions of algebraic nature, in particular concerning quadratic forms.
When X is a smooth, connected, complete variety, its Segre number s X is the degree of the highest Chern class of the opposite of its tangent bundle:
The index n X of X is the g.c.d. of the degrees of the closed points of X ; it is a divisor of s X . The degree formula provides a relation between s X (a geometric, or topological, invariant) and n X (an arithmetic invariant). More precisely, let f W Y Ü X be a rational map of connected (smooth complete) varieties of the same dimension. Then n X j n Y . The degree of f , denoted deg f , is defined as zero when f is not dominant, and as the degree of the function field extension otherwise. The degree formula is the relation in Z=2:
A typical application of the degree formula is the following: if the integer s X =n X is odd, then the variety X is incompressible, which means that every rational map X Ü X is dominant. For example, this is so when X is an anisotropic quadric of dimension 2 n 1; this explains why anisotropic non-degenerate quadratic forms of dimension 2 n C 1 always have first Witt index equal to one.
Variants of the degree formula were initially considered by Voevodsky [27] as a step in the proof of the Milnor conjecture (see [23] ). One can prove the degree formula using cohomology operations [22] , algebraic cobordism [19, §4.4] , or by more elementary means [20] . But, until now, no proof of the formula was valid over a field of characteristic two. In this paper we provide a proof working in arbitrary characteristic, in the spirit of the elementary approach of Rost and Merkurjev. The degree formula will appear as a special case of a more general result concerning a certain invariant of involutions of varieties. Even if one is only interested in the degree formula, we believe that this more general setting provides flexibility, and makes many arguments and constructions more natural.
The datum of an involution on a variety is equivalent to that of an action of the group G with two elements. We call a G-variety "pure" if its fixed locus is an effective Cartier divisor. Any G-variety can be approximated, in an appropriate sense, by a pure G-variety, and many arguments in the paper proceed by reduction to the pure case. We associate to each G-variety Y a cycle class S Y in the Chow group of its fixed locus. The proof that this class, modulo two, is functorial with respect to proper morphisms with a degree occupies the main part of the paper. When X is a variety, and G acts by exchange on X X, the class S X X may be identified with the total Segre class Sq.X / 2 CH.X / of the tangent cone of X. The degree formula amounts to the functoriality of the degree s X of the component of degree zero of Sq.X /, when X is complete. But the cycle class Sq.X / carries much more information than its degree, and moreover is also defined when X is not complete: we expect Sq.X / modulo two to be the total homological Steenrod square of the fundamental class of X (Steenrod squares have been constructed only in characteristic different from two).
The paper is organised as follows. We provide in Section 1 the notation and conventions used in the paper, and we define in Section 2 the degree of a morphism, and give some of its elementary properties. In Section 3, we consider actions of the group G with two elements on varieties. We recall in Section 3.1 some facts on G-quotients, introduce in Section 3.2 a certain sheaf L Y on the quotient Y =G of a G-variety Y , define pure G-varieties in Section 3.3, and discuss in Section 3.4 how blowing-up closed subschemes affects G-actions. Next, in Section 3.5, we associate to a G-equivariant morphism f W Y ! X a certain closed subscheme R f of Y , which may be thought of as the bad locus of f with respect to the G-actions. Then we define in Section 4.1 a cycle class P Y in the Chow group of the fixed locus of a pure Gvariety Y , and prove that it is functorial modulo two with respect to proper morphisms having a degree (Lemma 4.2). This is the main technical step in the paper; it is achieved by gaining some control on the cycles supported on the locus R f . We generalise this functoriality to arbitrary G-varieties in Section 4.1, for which the cycle class is denoted by S Y instead of P Y , and obtain the main result of the paper (Theorem 4.6). In Section 5, we specialise to the G-action by exchange on the square of a variety, compute the class Sq.X / D S X X when X is smooth (Proposition 5.1), and prove the degree formula (Corollary 5.7). Finally, we recall classical consequences of the formula in Section 6.
[3, Chapter XI] (related constructions are performed in [26, §5] ). I thank the referee for his/her careful reading of the paper, and his/her constructive suggestions.
1. Notation 1.1. Varieties. We work over a fixed base field k. By a scheme, we will mean a separated scheme of finite type over k, and by a morphism, a k-morphism. A variety is a quasiprojective scheme over k. A scheme is complete if it is proper over k. When X and Y are schemes, a rational map Y Ü X is a morphism U ! X, for some open dense subscheme U of Y . The function field of an integral scheme X will be denoted by k.X /. When Y and X are two schemes, we denote by Y X their fibre product over k.
We say that a morphism f W Y ! X is an isomorphism off a closed subset Z of X , if the morphism Y f 1 Z ! X Z obtained by base change is an isomorphism.
Group of cycles.
For a scheme X, we let Z.X / be the free abelian group generated by the elements OEV , where V runs over the integral closed subschemes of X . When f W Y ! X is a morphism, a group homomorphism f W Z.Y / ! Z.X / is defined as follows. Let W be an integral closed subscheme of Y , and V the (scheme theoretic) closure of f .W / in X. Then we let
One checks that this defines a functor from the category of schemes to the category of abelian groups. When f is an immersion, the morphism f is injective, and we will view Z.Y / as a subgroup of Z.X /. The group Z.X / is the direct sum over n 2 N of the subgroups Z n .X / generated by the elements OEV such that dim V D n. When T is a closed subscheme of X, with irreducible components T˛and multiplicities m˛, we define the class OET D P˛m˛OE
The quotient of Z.X / by rational equivalence is CH.X /, the Chow group of X. We will use its functorialities described in [4] (where the notation A is used instead of CH). (ii) The morphism f is faithfully flat, of relative dimension 0.
(iii) The endomorphism f ı f of the group Z.X / is multiplication by n (see [4, 
2. The degree of a morphism Definition 2.1. Let f W Y ! X be a morphism, and n an integer. We say that f has degree n and write n D deg f , if we have f OEY D n OEX in Z.X /. More generally, when f W Y Ü X is a rational map, we say that f has degree n if it induces a morphism of degree n on an open dense subscheme of Y . (ii) Let X be a scheme with irreducible components X˛and multiplicities m˛. Define Y D q˛X 0 , where X 0 is the disjoint union of m˛copies of X˛, and f W Y ! X the natural morphism. Then f has degree one.
(iii) Assume that Y has pure dimension greater than dim X. Then f has degree zero.
(iv) Assume that X and Y are integral of the same dimension, and that f is dominant. Then f has degree OEk.Y / W k.X /.
(v) Assume that f D g ı h, and that h has degree n. Then f has degree d if and only if d is divisible by n and g has degree d=n.
(vi) Assume that f is a flat morphism of rank n (see Section 1.3). Then f has degree n (this follows from Section 1.3 (iii)).
Lemma 2.3. Consider a commutative square
and assume that f has a degree. Then f 0 has degree deg f under any of the following assumptions.
(i) The square is cartesian, and the morphisms x and y are flat of the same constant relative dimension.
(ii) There is a closed subscheme Z of X such that x induces an isomorphism off Z, and x 1 Z is nowhere dense in X 0 and .f ı y/ 1 Z is nowhere dense in Y 0 .
Proof. Proof. The morphism f 1 id Y 2 (resp. id X 1 f 2 ) has degree deg f 1 (resp. deg f 2 ) by Lemma 2.3 (i). By Example 2.2 (v), it follows that the composite
Lemma 2.5. Consider a cartesian square
where horizontal arrows are effective Cartier divisors. Assume that X and Y are equidimensional, and that f is proper. If f has a degree, then g has degree deg f .
Proof. Let n D dim Y , and Z be the scheme theoretic image of f . For every n-dimensional irreducible component V of Z, the cycle f OEY OEV 2 Z.X / is effective. Assume that dim X > n. Then if f has a degree, it must be zero, hence f OEY D 0. Thus there is no V as above, which means that dim Z < n.
, hence the same is true for the morphism gW E ! D \ Z ! D, and the statement is proved. Therefore we may assume that dim X Ä n. We have in CH n 1 .D/ the relation (see
Involutions of varieties
A k-involution of a variety is called a G-action (we think of G as the group with two elements). A G-variety is a variety equipped with a G-action, and a G-morphism is a morphism of varieties compatible with the involutions. A closed or open subscheme of a G-variety is a G-subscheme if it coincides with its inverse image under the involution. When Y and X are two G-varieties, then Y X is naturally a G-variety, via the component-wise G-action. 
Example 3.4. Let X be a variety. The variety X X has a natural G-action, given by the exchange of factors. Then the fixed locus
Remark 3.6. The embedding of a G-subscheme is FPR. .
where the map on the left is adjoint to the inclusion 11. An open G-subscheme of a pure G-variety is a pure G-variety (this follows from Remark 3.6).
Lemma 3.12. Let f W Y ! X be a G-morphism. Then the following diagram of O Ymodules commutes (we use the notation of (3.2)).
In view of the equivalence of categories between quasi-coherent O Y -algebras and affine Y -schemes, the commutativity of the two diagrams below is equivalent.
The diagram on the right is obviously commutative. The commutativity of the other diagram yields the result, in view of the rightmost square of (3.2).
Proposition 3.13. Let Y be a pure G-variety.
(ii) The O Y =G -module L Y is locally free of rank one.
(iii) The following sequence of O Y -modules is exact (see Proposition 3.9): 
. Applying Lemma 3.12 to the G-morphism , we see that the diagram with solid arrows
anticommutes. Using the indicated bijectivities, surjectivities and injectivities, we deduce the existence of the isomorphism e which makes the right square commute and the left one anticommute. Thus . e/ ı a 0 D a. It follows that a and a 0 define the same morphism Y ! P , so that˛D˛ı . By the universal property of the G-quotient, the morphism P ! Y =G admits a section W Y =G ! P such that˛D ı '. 1) shows that the O Y =G -module ' O Y is locally free of rank two, being an extension of two locally free modules of rank one. Since ' is finite, we obtain (i). Finally, a is an isomorphism (because ' .g/ is one), which proves (iii).
Proposition 3.14. Let f W Y ! X be a G-morphism, and consider the morphism of (ii) f is bijective if and only if Y ! .Y =G/ X=G X is an isomorphism.
(iv) If Y is pure and f is FPR, then f is surjective.
Proof. We have a commutative diagram of O Y =G -modules, with exact rows
The left vertical arrow is an isomorphism. Since ' Y and ' X are affine, the middle vertical arrow is surjective, resp. bijective, if and only if Y ! .Y =G/ X=G X is a closed embedding, resp. an isomorphism. The equivalences (i) and (ii) now follow from a diagram chase. We have by Lemma 3.12 a commutative diagram of O Y -modules
where u is the composite of ' Y . f / with an isomorphism. The morphism w is injective if and 
Proof. The morphism of O Y =G -modules f is an isomorphism if and only if it is surjective, because both its source and target are locally free of rank one. Therefore the statement follows from Proposition 3.14 (iv) and (ii). In addition, the G-variety Y 0 is pure under any of the following assumptions:
(ii) Y is pure.
Proof. The closed subscheme Z of Y is G-invariant, therefore by the universal property of the blow-up, the G-action on Y lifts uniquely to a G-action on Y 0 making y a G-morphism.
Let W be a closed subscheme of Y =G whose inverse image ' Lemma 3.21. The base change of an effective Cartier divisor (resp. a nowhere dense closed subscheme) under a blow-up morphism is an effective Cartier divisor (resp. a nowhere dense closed subscheme).
Proof. Let D ! Y be an effective Cartier divisor (resp. nowhere dense closed subscheme), and bW B ! Y the blow-up of a closed subscheme Z in Y . Since the exceptional divisor b 1 Z ! B is an effective Cartier divisor, any associated (resp. generic) point Á of B is contained in U D B b 1 Z. Since b maps U isomorphically onto an open subscheme of Y , it follows that b.Á/ is an associated (resp. generic) point of Y , and therefore cannot be contained in the effective Cartier divisor (resp. nowhere dense closed subscheme) D. Thus no associated (resp. generic) point of B is mapped to D, and the statement follows. 
Assume that the horizontal arrows are closed embeddings, and that the horizontal composites are effective Cartier divisors. Let R be the residual scheme to D in Z on X , and R 0 the residual
Proof. In view of Section 1.4, we have
But I R 0 is the unique sheaf of ideals of O X 0 such that Since residual schemes (by Lemma 3.22) and blow-ups are compatible with open immersions, in order to prove the equality, we may assume that X D Spec A. Then Y , resp. Z, is defined by the ideal I , resp. J , of A. The closed subscheme f 1 Y of X 0 is given by the homogeneous ideal L D L n 0 I J n of the Rees algebra L n 0 J n . The closed subscheme R of X 0 is given by the homogeneous ideal L n 0 I J n 1 (we write J 1 D A), since its degree n component agrees with that of L. 1/ D L n 1 I J n 1 for n 1. We have surjections of graded A=I -algebras (Sym denotes the symmetric algebra)
The 
Proof. Applying Lemma 3.23 (iv), we see that
Y R f as closed subschemes of Y , the statement follows from Proposition 3.15 (and Remarks 3.8, 3.6, 3.11). 
is a cartesian square, and the morphism R f ! X G factors through .
Proof. Assume first that R f is pure. Then the square is cartesian and the morphism R f =G ! R f is an isomorphism by Corollary 3.16 and Proposition 3.15. Since the G-action on X G is trivial, the G-morphism R f ! X G factors through the G-quotient map .
When R f is possibly not pure, the 
As closed subschemes of B, we have R f S f , and S f R g B=G B D R g (by the pure case above). Since S f Y and 
We denote by H Y the restriction of ' Y L Y to the closed subscheme Y G of Y , and define
Lemma 4.1. Let f W Y ! X be a proper G-morphism between equidimensional, pure G-varieties. Assume that f has a degree and is FPR. Then
Proof. By Proposition 3.15,
Lemma 4.2. Let f W Y ! X be a proper G-morphism between equidimensional, pure G-varieties. Assume that f has a degree and that
D/ we will denote the Gysin map defined in [4, §2.6]. For any G-variety T , we write T for the closed embedding T G ! T .
Consider the commutative diagram (we use Notation 3.25)
By Lemma 3.23 (iii), the morphism r is an effective Cartier divisor and we have
as Cartier divisors on Y . By [4, Proposition 2.3 (b)] and definition of the Gysin map, we have,
where j W Y G ! f 1 .X G / is the closed embedding. Composing with g , we obtain, as morphisms CH.Y / ! CH.X G /,
By Lemma 3.28 we have a cartesian square
hence by Proposition 3.13 (i) and Section 1.3 (i) the morphism W R f ! R f is flat of rank two, and the endomorphism ı of Z.R f / is multiplication by two (see Section 1.3 (iii)). By Lemma 3.28, the morphism h factors through . It follows that
Since Y and X are equidimensional, we have by [4, Proposition 2.
Using once more [4, Proposition 2.6 (d)], we have, in CH.X G /,
and using (4.3), we obtain
On the open complement of R f in Y =G, the line bundles .f =G/ L X and L Y are isomorphic by Lemma 3.26. By the localisation sequence, it follows that
In view of the cartesian square (4.2), we have ' Y ı s D r ı , so that
It follows from (4.3) that
Combining (4.6) and (4.7), we obtain, in CH.X G /=2,
Finally, we compute, in CH.X G /=2, 
Proposition 4.5. Let f W Y ! X be a proper G-morphism between equidimensional varieties. Assume that f has a degree and is FPR. Then
Theorem 4.6. Let f W Y ! X be a proper G-morphism between equidimensional varieties. Assume that f has a degree. Then
Proof of Theorem 4.6 (resp. Proposition 4.5). We construct a commutative diagram of G-morphisms 
The existence of the morphism g such that g 1 .P .X / G / D h 1 W , and the fact that g is a G-morphism, follow from the universal property of the blow-up.
Since f has a degree, the morphism f id A has degree deg f by Lemma 2.3 (i). The closed subschemes Z of X A and .f id A / 1 Z of Y A are nowhere dense, being contained in the effective Cartier divisors X A 1 and Y A 1 . By Lemma 3.21, the closed subschemes b 1 X Z of P .X / and h 1 W of Y 0 are nowhere dense. It follows from Lemma 2.3 (ii) that g has degree deg f . By Proposition 3.20, the G-morphisms b Y and h, and therefore also b Y ı h, are FPR. Note that in the situation of Proposition 4.5, the G-morphism g is FPR, and h is an isomorphism. We have, in CH.
The degree formula
Let X be a variety. We consider X X as a G-variety via the exchange of factors. The fixed locus is the diagonal X (see Example 3.4). We define Sq.X / D S X X 2 CH.X /: Proposition 5.1. Let X be a smooth variety, with tangent bundle T X . Then
Proof. This follows from Proposition 4.3. The index n X of a scheme X is the positive generator of the image of .p X / W Z.X / ! Z.Spec k/ D Z induced by the morphism p X W X ! Spec k. In other words n X is the g.c.d. of the degrees of closed points on X. When X is a complete variety, the morphism .p X / above descends to a morphism degW CH.X / ! Z, and we consider the integer Taking the degree in Theorem 5.2, we obtain:
Corollary 5.5. Let f W Y ! X be a morphism between complete equidimensional varieties. Assume that f has a degree. Then n X j n Y and we have, in Z=2,
The next corollary was proved (for smooth X) in arbitrary characteristic in [9, 21] , and in characteristic two in [24] . Corollary 5.6. Let X be a complete integral variety of positive dimension. Then the integer s X is even.
Proof. We apply Corollary 5.5 to the morphism X ! Spec k of degree zero.
Corollary 5.7 (Rost's degree formula). Let f W Y Ü X be a rational map between smooth, connected, complete varieties of dimension d . Then n X j n Y , and we have, in Z=2,
Proof. The existence of a rational map Y Ü X implies that n X j n Y (see e.g. [10, Lemma 3.3] or [11, Proposition 4.5] ). Note that f automatically has a degree, since we are in one of the situations (iii) or (iv) of Section 2.1. Let Z be the scheme theoretic closure of the graph of f in Y X . We have proper morphisms hW Z ! Y and gW Z ! X. The statement follows by applying Corollary 5.5 to the morphisms h (of degree one) and g (of degree deg f ), and using (5.1).
Applications to incompressibility
In this section, we describe classical consequences of the degree formula, which are now also valid in characteristic two. With the exception of Example 6.5, the arguments are wellknown and can be found for instance in [16, 20, 22] . A strongly p-incompressible variety (for some p) is in particular incompressible: every rational map X Ü X is dominant. Proposition 6.2. Let X be a complete integral variety such that the integer s X =n X is odd. Then X is strongly 2-incompressible.
Proof. Let Y be a complete integral variety with v 2 .n Y / v 2 .n X / such that n Y k.X/ is odd and dim Y Ä dim X. The k.X /-variety Y k.X / possesses a closed point of odd degree, let Z Y X be its closure. Applying Corollary 5.5 to the morphism Z ! X (of odd degree), we see that the integers s Z =n Z and n Z =n X are both odd. Thus v 2 .n X / D v 2 .n Z /. Since dim Y Ä dim X D dim Z, the morphism f W Z ! Y has a degree (Example 2.2 (iii) and (iv)). The integer n Z =n Y is odd, because of the assumption v 2 .n Y / v 2 .n X / D v 2 .n Z /.
